An efficient Navier-Stokes solver for the infinite-swept wing problem is presented. The new flow solution, that reproduces correctly the physics responsible for cross-flow effects, is obtained around a two-dimensional stencil. On the contrary, existing state-of-the-art methods rely on a three-dimensional stencil. Numerical details are followed by an extensive validation campaign, including steady and unsteady compressible flows. The test cases are for single and multielement aerofoils in both laminar and turbulent regimes. Under identical conditions (numerical settings, grids, etc.), the computational cost of the proposed solver was reduced by at least 75% compared to that of existing state-of-the-art methods. This was also confirmed employing various turbulence models. With a limited effort required to enhance an existing computational fluid dynamics solver (either two or three-dimensional), the infinite-swept wing method was implemented in an industrial-grade package used across Europe for rapid engineering analysis.
Industrial aircraft design proceeds through a series of maturity gates (MG). At the early stages 7 of this process, designers explore a large parameter space relying heavily on empirical and linear 8 correlations [1] . In order to down-select the final aircraft concept, the design parameters are
Infinite Swept Wing Model
The ISW model assumes a wing of infinite span with a moderate wing sweep angle, Λ. In 100 analogy with Euler-Bernoulli beam formulation, the only hypothesis is that the cross section is 101 constant or slowly varying along the wing span. The solution of the ISW model is valid at a 102 reasonable distance from the fuselage and wing tip. Un-modelled effects may be accounted for 103 using the LLT or VLM, as already discussed in Section 1.
104
A schematic of an ISW is illustrated in Fig. 1 . Two convenient frames of reference (FoRs) are 
119
Periodic boundary conditions are set on the two planes perpendicular to the y axis. As opposed 120 to the first strategy, any information related to the sweep angle is introduced as an appropriate 121 boundary condition at the far-field. The freestream velocity vector, as seen in the global FoR,
is used to calculate the components of the velocity vector in the body-attached FoR
where R is the rotation matrix obtained by a rotation Λ around the z axis. One then finds that the 124 angle of attack in the body-attached FoR is computed as
The side-slip angle in the body-attached FoR, β ∞ , is obtained as
For low angles of attack, the approximation β ∞ ≈ Λ holds. Equations (3) and (4) represent the 127 far-field boundary conditions for the second ("beta") approach.
128
The two approaches above solve the NS equations on a one-cell width 3D stencil with pe-129 riodic boundary conditions set on both planes. For this reason, the convention to denote the
130
"sheared" and "beta" approaches as "3D-stencil" is used hereafter, see Fig. 2 . The following
131
Sections illustrate the derivation, implementation, and application of a novel strategy for ISW 132 calculations, also reported in Fig. 2 , with a computational cost equivalent to a 2D analysis. The
133
proposed model is referred to as 2.5D+ and uses a purely 2D stencil. 
Specific form of the Navier-Stokes Equations

135
To solve the NS equations for the ISW model in a very efficient manner, one starts from the 3D NS equations that are generally expressed in the global FoR. The key idea is to avoid imposing the ISW flow through a periodicity boundary condition, using a 3D stencil, but rather a-priori imposing the y -independence within the equations. For this reason, the NS equations are rewritten in the body-attached FoR, with axes (x , y , z ). In this FoR, the flow is assumed to have statistical homogeneity in the y direction. This assumption encapsulates a fully developed local flow in the y direction, leading to ∂(·)/∂y = 0. The governing equations are therefore simplified by the condition ∂(·)/∂y = 0. Once these steps are carried out, the explicit set of Figure 2 : Summary of approaches to model the ISW problem; the "sheared" and "beta" approaches employ a one-cell width 3D stencil; the proposed approach, on the other hand, uses a purely 2D stencil equations, reported here in component notation for clarity, become
Equations (5a), (5b) and (5d) are independent from the cross-flow component, v , and are 136 equivalent to the 2D NS equations. Equation (5c) represents a transport equation for the cross- 
147
Note also that this assumption holds true for the solution of the laminar fields. The case of
148
Reynolds-averaged fields will be discussed in Section 3.2. For other modelling techniques, such 149 as large eddy and direct numerical simulations, the three-dimensionality of the flow needs to be 150 solved also in y -statistical homogeneity condition, requiring an adequate spanwise resolution.
151
The system of equations (5a)-(5e) can be compactly written in vector form using a modified 152 nabla operator, defined as
hence the equations in vector form are
For aerodynamic laminar flows, the viscous stress tensor can be defined recalling the Newto- 
where Π is the shear stress tensor, S indicates the velocity deformation tensor, while the vis-157 cosity coefficient is denoted by µ. The operator Tr is the trace, and I is identity matrix. Under 158 the ISW model assumption, the velocity deformation tensor is computed as
where
For laminar flows, the system of equations is closed by choosing an appropriate thermodynamic 161 model for the fluid and by coupling theq vector with the thermal field, for example, using the
162
Fourier law. Within the ISW approximation, it can be expressed as
where h = c p T is the enthalpy, T is the temperature, and Pr is the Prandtl number. 
where µ e = µ + µ t is the sum of the molecular and the turbulent viscosities and S is defined 
177
The SA model written in the body-attached FoR assumes the following fashion
and
which neglects the y -derivatives. Note that all the other model coefficients of Ref. 
and the turbulent viscosity is obtained as µ t = ρk/ω. The production term is computed, according 185 to Ref.
[20], as P k = Π R : ∇ V , which again neglects the y -derivatives. Herre Π R is the
186
Reynolds stress tensor
Note that the shear-stress correction
is computed according to the ISW approximation using Ω according to Eq. (14). All the other 189 model constants are evaluated according to Ref. [20] .
190
Finally, the heat flux vectorq is obtained as
where Pr t is the turbulent Prandtl number. Additional terms, which are neglected when using 
No scaling of the Mach number is required. global FoR using the relation
which also applies to the moment coefficients. This yields a significant computational speed-up compared to a solution of the ISW problem on 224 a 3D stencil.
225
The numerical implementation of the 2.5D+ method in the DLRTau code follows the second 226 approach. This choice reflects a practical situation, with a 3D solver being available to the 227 authors. Note however that no differences will be observed from the two implementation options 228 discussed above. 
Results
230
This Section contains a number of test cases to validate the proposed methodology and to tained from the 2.5D+ method will be labelled as "2.5D+", and those from the existing approach
235
(either "sheared" or "beta") as "3D-stencil". Note that both the 2.5D+ and the 3D stencil ap- 
248
To quantify the computational speed-up of the proposed 2.5D+ method in comparison with 249 the existing state-of-the-art solver, a metric is introduced. The speed-up factor, S, is defined as
For the same convergence level, the term t 3D indicates the CPU time required by the existing 3D 252 stencil methods (either "beta" or "sheared") to achieve converge. The term t 2.5D+ is the equivalent 27,077 elements and is shown in Fig. 3 . This grid, which was generated using the best industrial 263 practice, was found adequate to guarantee grid independent results. produces results consistent with the state-of-the-art methods.
275
Next, the computational efficiency (in terms of CPU-time needed to achieve a target conver- The efficiency of the 2.5D+ implementation is quantified in Table 1 . The speed-up factor,
285
S, and the number of iterations, n it , to achieve three representative residual levels (10 −9 , 10 −10 286 and 10 −13 ) are summarised. It was found that the 2.5D+ method is consistently more efficient 287 than the existing method, with a factor larger than 4. This is equivalent to a reduction of the has an aspect ratio (AR) of eight, in the unswept configuration, and a taper ratio of one, satisfying 297 reasonably well the assumptions of the ISW problem without the need for the LLT or VLM.
298
The numerical settings employed were the same as the previous test case. For the turbulence 
303
Calculations were run on an unstructured hybrid grid containing 93,347 cells, shown in Fig. 6 .
304
The circular far-field is placed at fifty times the aerofoil chord. The first layer on the wall was 305 placed at 5 · 10 −6 (for a chord of one), ensuring y + < 1. The spacing distribution was tested to 306 guarantee grid-independent results in terms of lift coefficient for α ∞ = 0 deg. The computational performance of the 2.5D+ method is assessed against the 3D stencil ap- sweep angle case, and in Table 3 for the 50 deg test case. Note that the speed-up is assessed 349 for the target residual of 10 −8 . For all cases tested, the 2.5D+ method retains the higher com- iterations to achieve convergence are comparable, the cost of each iteration of the 2.5D+ solver 354 is on average more than 75% faster than the that of the 3D stencil method. A representative multi-element aerofoil section was extracted from the DLR-F11 configura- 
Forced Sinusoidal Motion
371
The last test case concerns transonic flow predictions for a forced sinusoidal motion. The 372 test case is a prototype problem, being the forced motion representative of (undamped) structural 
is characterised by a reduced frequency k = 0.0814, mean angle of attack α 0 = 0.016 deg with 600 pseudo iterations were employed, and four cycles were simulated.
394
The time response of the normal force coefficient for the 2.5D+ solution is shown in Fig. 14   395 with experimental data. The curve labelled "3D (wing)" is the (sectional) normal force coefficient 396 resulting from the integration of the surface pressure coefficient at the 50% span-wise section 397 of the 3D wing. This section is highlighted in red in Fig. 13 . In all cases, the pitch axis is at [7] .
403
Having performed a validation for the no sweep case against experimental data, we proceed 
where i is the imaginary unit, and f the dimensional frequency (2 π f = k V/b). The system 424 response, quantified by the amplitude ratio and phase lag with respect to the input, can be de-
425
termined by the transfer function between the input and the output. For the surface pressure
where R (x, ω) and φ (x, ω) are the amplitude ratio and phase lag, respectively, and are defined 
The transfer function calculations were carried out using a standalone Matlab-based toolbox that 431 has proved accurate in previous studies [25] . This toolbox is freely available from the University shown consistent speed-up values larger than that reported herein (up to 97%).
463
It is worth observing that the proposed method was implemented in the DLRTau flow solver, 
